Abstract: The category of foliations is considered. In this category morphisms are differentiable maps sending leaves of one foliation into leaves of the other foliation. We prove that the automorphism group of a foliation with transverse linear connection is an infinite-dimensional Lie group modeled on LF-spaces. This result extends the corresponding result of Macias-Virgós and Sanmartín Carbón for Riemannian foliations. In particular, our result is valid for Lorentzian and pseudo-Riemannian foliations.
Introduction
Foliations with transverse linear connection are investigated. Works of Molino [9] , Kamber and Tondeur [3] , Bel'ko [1] are devoted to different aspects of this class of foliations.
Let Fol be the category of foliations whose objects are foliations and morphisms are smooth maps between foliated manifolds mapping leaves to leaves. By smoothness (manifolds, mappings, bundles) we shall mean the smoothness of the class C ∞ . Let (M F ) be an arbitrary smooth foliation with transverse linear connection. We investigate the group D(M F ) of diffeomorphisms of the manifold M whose elements are the automorphisms of the foliation (M F ) in the category Fol . Further the pair (M ∇) is called the manifold with linear connection. The bilinear skew-symmetric tensor on M of the type (1 2), which is defined by the equality
Linear connections
is called the torsion tensor or the torsion of the linear connection ∇. A linear connection ∇ on M is said to be symmetric, if the torsion tensor T vanishes.
Foliations with transverse linear connection
A diffeomorphism : M (1) → M (2) is said to be an isomorphism of connections ∇ (1) and ∇ (2) if * ∇ (1) X Y = ∇ (2) * X * Y for all vector fields X Y ∈ X M (1) , where * is the differential of . Let N be a -dimensional manifold and M be a smooth -dimensional manifold, where 0 < < . Unlike M the connectedness of the topological space N is not assumed. An N-cocycle is the set U { } ∈J such that:
1. The family {U : ∈ J} forms an open cover of M. We emphasize that vanishing of the torsion tensor of a linear connection ∇ N on N is not assumed.
Inducted connection on a submanifold
Let M be any -dimensional manifold provided by a linear connection ∇. Consider an arbitrary -dimensional immersion submanifold L of M. The number = − is the codimension of L. Suppose that at each point ∈ L a -dimensional subspace M of the tangent vector space T M is given, and M is transverse to T L and smoothly depends on . Then L is said to be an M-equipped submanifold.
on L in the following a way. Consider vector fields X Y ∈ X(L) and any point ∈ L. As is well known [4] , the covariant derivative of Y along X at is defined by values of X and Y at any small neighborhood of in L. Let W and V be neighborhoods of in L, with the closure Cl W belonging to V and
Recall that a submanifold L of the manifold of linear connection (M ∇) is called totally geodesic, if for each ∈ L and every vector X ∈ T L the geodesic line γ X ( ) such that γ X (0) = andγ X (0) = X belongs to L. 
Geodesic invariant distributions and totally geodesic foliations
A smooth distribution N on the manifold of linear connection (M ∇) is called geodesic invariant [6] , if for any ∈ M and each vector X ∈ N the geodesic line γ X ( ) such that γ X (0) = andγ X (0) = X , is an integral curve of N. A foliation (M F ) of a manifold M with a linear connection ∇ is called totally geodesic, if its tangent distribution T F is geodesic invariant or equivalent, if all its leaves are totally geodesic submanifolds.
The foliated bundle of transverse frames

Projectable connections [10]
We keep notation from [4] . By P(M G) we mean a principal G-bundle. Let M be an -dimensional smooth manifold and π : P → M be the projection of
P transverse to fibres of the submersion π : P → M. As known [4] , the connection may be defined by g-valued 1-form ω on M satisfying some conditions. The form ω is named the connection form. If P = L(M) is the frame bundle of M, then the existence of the connection in P(M G) is equivalent to the existence of a linear connection ∇ on M.
Consider P(M G) with a G-invariant foliation (P F) such that images of its leaves form a foliation (M F ) of the same dimension , where 0 < < . A connection Q on P is said to be transverse, if T F ⊂ Q or equivalent, if i X ω = 0, X ∈ X F (P), where i X is the interior product by X . A transverse connection Q on P is called projectable with respect to (P F), if i X ω = 0 for all X ∈ X F (P). (V ) is a sub-bundle of the H-bundle P. Let R = * P = {( ) ∈ U × P : ( ) = ( )} be the pullback bundle of P with respect to the submersion . We define the projections : R → U , ( ) → , and : R → P , ( ) → , where ( ) ∈ R . Suppose that a -dimensional distribution M on the manifold M is transverse to the foliation (M F ). Identify the vector quotient bundle T M/T F with the distribution M. We consider a point ( ) ∈ R as a basis { − +α } of the vector space M such that * − +α = α , where α = 1 , { α } = is the frame at = ( ) ∈ N and * is the differential of at . The pair ( ) is named an M-frame at .
Principal foliated bundles
Introduce the following binary relation S in the disjoint sum Y = ∈J R . Let ( ) ∈ R ( ) ∈ R . Let us assume ( ) S ( ) if the following conditions hold:
(ii) = * ( ) • , where * ( ) is the differential of the local diffeomorphism at the point ( ).
Direct verification shows that S is an equivalence relation. Let R = Y /S be the quotient space and β : Y → R be the quotient mapping. Note that for every ∈ J the restriction of β R : R → U = β(R ) is a bijection. By requirement that all restrictions β R are diffeomorphisms we define the structure of a smooth manifold in R.
We introduce the notation:
. It is not difficult to check that U {K } ∈J is the P-cocycle defining a foliation of (R F) of the same dimension as the foliation (M F ). Remark, that for every ∈ M and ∈ π
For any point ∈ R there is a point ( ) ∈ R such that = β(( )). The equality π( ) = defines a submersion
, where ∈ H, defines the right free smooth action of the Lie group H on R.
Thus, π : R → M is the projection of the principal H-bundle R(M H). The definitions of (R F) and the action of H on R imply the H-invariance of this foliation. Thus we have the following statement.
Proposition 3.1.
Let (M F ) be a foliation of an arbitrary codimension defined by N-cocycle U { } ∈J and H = GL ( R). Then there are:
1) the principal H-bundle with the projection π : R → M;
2) an H-invariant foliation (R F), whose leaves cover the leaves of the foliation (M F ) via π.
Definition 3.2.
The principal H-bundle π : R → M satisfying Proposition 3.1 is called the foliated bundle of transverse frames (or Mframes) of the foliation (M F ). In this case (R F) is named the lifted foliation.
Remark 3.3.
Originally foliated bundles appeared in the works of Molino [9] and of Kamber-Tondeur [3] . Foliated bundles were essentially used by the first author in [15, 16] . 
The projectable connection in the foliated bundle of transverse frames
Proof. The linear connection ∇ N defines the principal H-connection Q 0 on the space P of the frame bundle P(N H). Let ω 0 be the h-valued 1-form of the connection Q 0 and θ 0 be the canonical R -valued 1-form of Q 0 on the manifold P (see for example [4] ).
The direct verification shows that the equalities ω U = ( ) * ω 0 and θ U = ( ) * (θ 0 ), where ∈ J, define the h-valued 1-form ω and R -valued 1-form θ on the manifold R. The H-equivariance of the 1-forms ω 0 and θ 0 on P implies the H-equivariance of the 1-forms ω and θ on R. Hence ω defines the principal H-connection Q = ker ω on R.
It follows from the definitions that ω and θ are projectable with respect to the foliation (R F) and L X ω = 0, L X θ = 0 for any vector field X ∈ X F (R). Thus, Q is a projectable H-connection on R with respect to the foliation (R F).
, of the vector spaces h and R . Then at any point ∈ R
(E β ) are defined. The vector fields {X α X β } form a transverse parallelization of the foliation (R F). So (R F) is an -foliation.
The existence of special connections
Let (M F ) be a smooth foliation. Recall that a vector field X ∈ X(M) is said to be foliate if for all Y ∈ X F (M) the Lie bracket [X Y ] also belongs to X F (M) [10] . Let M be an arbitrary smooth -dimensional distribution on a manifold M transverse to the foliation (M F ). Therefore any smooth vector field X on M can be written in the form
the canonical projections are defined in the following way:
Theorem 4.1.
Let (M F ) be a foliation with transverse linear connection of codimension and M be a -dimensional distribution transverse to (M F ). Then there is a linear connection ∇ M on M such that (i) both M and T F are geodesic invariant distributions on M ∇
M , and the connections induced via M on leaves of (M F ) are symmetric; According to results of Willmore [14] and Walker [13] , there is a unique linear connection ∇ (1) without torsion on M such that the foliation (M F ) is parallel with respect to the connection ∇ (1) . Since each parallel distribution is geodesic invariant, the foliation (M F ) is totally geodesic on M ∇ (1) .
Define a new connection ∇ M on the manifold M by the equality
where the linear connection ∇ is given above and Y 
Remark 4.2.
Using the proof of Theorem 4.1 it is easy to see that a linear connection ∇ on M is projectable with respect to the foliation (M F ) if and only if the respective induced GL( R)-connection Q in the foliated bundle of transverse frames R M GL ( R) is projectable with respect to the lifted foliation (R F) in the sense of subsection 3.1.
The Lie group of automorphisms of foliations with an adapted local addition
The goal of this section is to recall the results of Macias-Virgós and Sanmartín Carbón [7] . We emphasize that WO -topology is finer than both CO -topology and WO -topology for ≥ . The D-topology is finer than WO ∞ -topology. By the definition, Michor's topology is finer than D-topology. [8] , if the following two conditions are satisfied:
Michor's topology
The adapted local addition
Suppose that a foliation (M F ) of codimension is given. There is a foliated chart (U ) at every point ∈ M. Let F U = F U be the restriction of the foliation (M F ) onto U. Then (U F U ) is a simple foliation, which is isomorphic (in the category Fol ) to the standard foliation (R F st ). Therefore the leaf space U = U/F U is a smooth -dimensional manifold diffeomorphic to R , and the canonical projection π U : U → U is a submersion.
A local addition E on a foliated manifold M is called adapted to the foliation (M F ) [7] , if for any foliated chart (U ) and the canonical projection π U : U → U there is an open neighborhood S U ⊂ S of submanifold U 0 = 0 (U) in T U and a local addition E U : S U = (π U ) * (S U ) → U, moreover E(S U ) ⊂ U, and the following diagram is commutative:
Macias-Virgós and Sanmartín Carbón proved that for any Riemannian foliation there is an adapted local addition [7] . Suppose that a foliation (M F ) admits an adapted local addition. The application of Michor's results [8] allowed MaciasVirgós and Sanmartín Carbón [7] to prove that Γ F c ( * T M) with FD-topology is an LF-space, i.e., it is a complete locally path connected vector space, which is an inductive limit of Fréchet spaces.
The Lie group of automorphisms of foliations
Recall of the construction of an atlas on the automorphism group D(M F ) in the category Fol of (M F ) [7] . Two elements ∈ D(M F ) are said to be equivalent ∼ if coincides with on the complement to some compact set. 
. It is proved in [7] that the map ∈ U is a morphism of Fol if the vector field X = ( ) along is foliated. Moreover, for every ∈ D(M F ) the map : U → Γ 
) is a Riemannian submersion, and M U is a horizontal distribution for [2] . It is well known that for a Riemannian submersion the length of a smooth horizontal curve µ is equal to the length of its projection 
Proof of Theorem 1.1
Let S be the union of S U for the maximal N ∇ N -cocycle determining the foliation (M F ). Let E : S → M be defined by the equality E(X ) = E U (X ), X ∈ S U . Show that this map E : S → M is an adapted local addition to the foliation (M F ).
At first, we check that E : S → M is well defined, i.e. E U (X ) = E U (X ) when X ∈ S U ∩ S U . The commutative diagram (3) and Lemma 6.3 imply that the map E : S → M is an adapted local addition to the foliation (M F ). Therefore, as it was shown by Macias-Virgós and Sanmartín Carbón (Theorem 5.1), the full automorphism group D(M F ) of this foliation (M F ) is an infinite-dimensional Lie group whose manifold is modeled on the LF-spaces.
